QUANTUM FIELD THEORY OVER Fi 
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Abstract. In this paper we discuss some questions about geometry over the 
field with one element, motivated by the properties of algebraic varieties that 
arise in perturbative quantum field theory. We follow the approach to Fi- 
O ■ geometry based on torified schemes. We first discuss some simple necessary 

conditions in terms of Euler characteristic and classes in the Grothendieck 
ring, then we give a blowup formula for torified varieties and we show that the 
wonderful compactifications of the graph configuration spaces, that arise in the 
computation of Fcynman integrals in position space, admit an Fi-structure. 
By a similar argument we show that the moduli spaces of curves A1o,n admit 
an Fi-structure. We also discuss conditions on hyperplane arrangements, a 
possible notion of embedded Fi-structure and its relation to Chern classes, 
and questions on Chern classes of varieties with regular torifications. 



1. Introduction 

This paper, as the title readily suggests, is inspired by Oliver Schnetz's interesting 
paper "Quantum field theory over F," , [41] , with the motivation of investigating 
under which circumstances one could envision the existence of a quantum field 
theory over the field with one element. This is meant not so much in the sense 
of developing an actual physical Lagrangian and Feynman rules in the context of 
Fi-geometry, but of investigating when certain classes of algebraic varieties that 
naturally arise in the context of perturbative quantum field theory, and which are 
already defined over Z, may be carrying an additional Fi-structure. 

The relation between quantum field theory and geometry of varieties over finite 
fields originally arises from the question of "polynomial countability" for a class 
of hypersurfaces Xp defined by the parametric formulation of momentum space 
Feynman integrals in perturbative quantum field theory. In addition to these much 
studied graph hypersurfaces Xp, there are other algebraic varieties directly con- 
nected to the computation of Feynman integrals. In particular, certain complete 
intersections Ap, recently studied by Esnault and by Bloch, [16], and some closely 
related hyperplane arrangements Av . There are also the graph configuration spaces 
Confr(X) = X*^'^'") \ UeAe and their wonderful compactifications, which arise in 
the computation of Feynman integrals in configuration spaces [21], [22]. In all of 
these cases, the motives of these varieties carry some useful information about the 
corresponding Feynman integral computations. 

In a different direction, the idea of the "field with one element" and of the 
existence of a suitable notion of Fi -geometry, first arose from a comment by J. Tits 
in a paper from 1956, where he noted that the number of points of GL„(Fq) is 
a polynomial Nisi) = (g" — 1)('?" — q)...{q" — f?""^) with a zero of degree r at 
q = 1, such that limg_s.i N{q)/{q— 1)'' = n!, and suggested that one might interpret 
the symmetric group Sn = GL„(Fi) as an algebraic group in "characteristic 1." 
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This suggests, more generally, that for any scheme X defined over Z for which the 
counting function 



giving the number of points over of the reduction of X , and for which there is 
a limit 



where r is the order of the zero at (j = 1, one should interpret this limit as the 
number of Fi-points, #X(Fi) of X. Simple examples include projective space, for 
which #P("~^)(Fi) = n, and Grassmanians, for which #Gr(fc,n)(Fi) = (^'), see 
[36j . Several different forms of geometry over Fi were developed in recent years 
(see [35j for a general overview) . 

There are at present many different versions of geometry over the field with one 
element (see [35] for a comparative survey). Throughout this paper we adopt the 
approach to Fi-geometry developed by Javier Lopez Pena and Oliver Lorschcid, 
based on the existence of affine torifications. 

In this paper, we discuss some aspects of the geometry of the varieties associated 
to Feynman integrals, from the point of view of Fi-geometry. This will lead us to 
formulate a series of questions, about these classes of varieties as well as, more 
generally, about Fi -geometry. 

In fJ2] we recall the original questions about the motivic properties of the graph 
hypersurfaces and we show how a simple modification of the standard derivation 
of the parametric Feynman integral of perturbative QFT leads to the occurrence 
of other algebraic varieties, including the mixed Tate complete intersection Ar 
recently studied by Esnault and by Bloch. We also recall the definition of the 
varieties Confr(X), the wonderful compactifications of graph configuration spaces, 
used in |21) . |22j to study Feynman integrals in configuration spaces. 

In fj3] we describe some simple necessary conditions for the existence of an Fi- 
structure, based on constraints on the Euler characteristic and on the class in the 
Grothendieck ring of varieties and we give explicit examples of cases where the 
graph hypersurfaces satisfy or not these constraints. 

In ^ we give a blowup formula for torificd varieties and we use it to show that, 
in the case oi X = P^, the wonderful compactifications Confr(^) admit a regular 
affine torification in the sense of [34], hence they are Fi-varieties. By the same 
technique, we show that the moduli space of curves A^o,™ is an Fi-variety and that 
so are the generalizations Td^„, with Ti_„ = A^o.n considered in |23j . 

In iJ5] we identify hyperplane arrangements as an especially interesting class of 
varieties about which to investigate when they admit an Fi-structure. This is 
especially so, in view of their (conjectural) role as "generators" of mixed Tate 
motives. We identify an explicit necessary condition in terms of the coefficients 
of the characteristic polynomial of the arrangement and its Mobius function, as a 
direct consequence of a recent result of Aluffi [4] on the Grothendieck classes of 
hyperplane arrangements. 

In ij6] we use another result of Aluffi [6] expressing the Chern classes of singular 
varieties in terms of Euler characteristics of hyperplane sections, to suggest the 
existence of a notion of embedded Fi-structures. 
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In Sj7]we formulate the question of the existence of an analog of the Ehlers formula 
for Chern classes of toric varieties in the case of varieties that admit a regular affine 
torification. While wo show that the argument given in [5] for the Ehlers formula 
docs not directly extend to the regular torificd case, we suggest that there may be a 
reformulation in terms of regular torifications of the results of for Chern classes 
Schubert varieties. 

2. Quantum field theory, algebraic varieties and motives 

We recall here some well known facts about the occurrence of algebraic varieties, 
motives and periods in perturbative quantum field theory, which motivate some of 
the questions that we analyze in the rest of the paper. 

In quantum field theory, Feynman graphs parameterize the perturbative expan- 
sion of the Green's functions. To each Feynman graph F, there is an associated 
(typically divergent) integral U{T) that gives a term in this expansion. Formally 
(ignoring divergences) each of these integrals can be written in the Feynman para- 
metric form as an integral of an algebraic differential form on the complement of a 
(singular) projective hypersurface Xr C P"~^, with n the number of edges of the 
graph, defined by the vanishing of a graph polynomial, the Kirchhoff polynomial 
Vl/r, see [17], [38]. Actually accounting for divergences introduces serious complica- 
tions, which require performing blowups that separate the locus of integration from 
the hypersurface and accounting for the ambiguities deriving from monodromies, 
see [H]. In several physically significant cases, it has been shown [19] that the 
resulting period obtained from the evaluation of the Feynman amplitude U{T) is a 
period of a mixed Tate motive over Z, that is, a Q[l/(27ri)]-lincar combination of 
multiple zeta values. 

We recall briefly (at the beginning of §2.21 below) the standard derivation of the 
parametric form of Feynman integrals and its relation to the graph hypcrsurfaces, 
(see [15] ■ or the overview given in [38)). but first we recall here the main resulting 
algebro-geometric setting. 

2.1. Graph hypersurfaces and the polynomial countability question. Let 

r be a finite graph, occurring as a Feynman diagram for a perturbative scalar 
massless quantum field theory. We can assume that F is connected and one-particle- 
irreducible (IPI), that is, it cannot be disconnected by removal of a single edge. 
The Kirchhoff polynomial of F is defined as 



where T C r runs through all the spanning trees of F and is an indeterminate 
corresponding to the edge e. The definition can be extended to non- necessarily 
connected graphs, by taking a sum over spanning forests made of a union of a 
spanning tree in each connected component. This a homogenous polynomial in n = 
^E{r) variables, of degree equal to bi{T), hence it defines a projective hypersurface 
Xr in P"~i given by the set of zeros of ^'r(0- These hypersurfaces are defined as 
varieties over Z. Thus, it makes sense to consider the reductions Xr,p modulo 
primes, and the counting of points over finite fields ¥q, q = p™, for these varieties. 

The "polynomial countability" condition for a variety X defined over Z is the 
property that the counting function Nq{X) = ^Xq{¥q) is a polynomial in q. If the 
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motive of the variety X is mixed Tate, then the variety is polynomiahy countable 
(for all but finitely many primes) and assuming Tate's conjecture the converse would 
also hold. In between the motive and the counting function, one has a universal 
Euler characteristic, which is the class [X] in the Grothcndicck ring of varieties 
Ko{Vz)- Polynomial countability is implied by this class being a polynomial in the 
Lefschetz motive L = [A^], the class of the affine line, which is in turn implied by 
the motive of X being mixed Tate. 

It was conjectured by Kontsevich that the graph hypersurfaces X-p would always 
be polynomially countable. This was originally verified for graphs with up to twelve 
edges in [43], but was later proven false in general by Belkale and Brosnan [13], 
using a powerful universality results for matroids with which they showed that the 
classes [Xr] span a localization of the Grothendieck ring of varieties, hence they 
are generally not polynomially countable. 

Although the result of Belkale and Brosnan [T3] showed that the graph hypersur- 
faces arc not in general mixed Tate, one also knows that there are many significant 
examples (all sufficiently small graphs and several infinite families of graphs) for 
which the varieties in fact happen to be mixed Tate. In the cases where the mixed 
Tate property holds, one can then ask a further question of whether these varieties 
admit an Fi-structure. 

In addition to the graph hypersurfaces, there are other algebraic varieties that 
are naturally associated to the parametric Feynman integrals and that were recently 
studied by Esnault and by Bloch, which, unlike the graph hypersurfaces, are always 
mixed Tate motives. It is then even more natural to ask for these varieties the 
question of whether (or when) they admit an Fi-structure. 

2.2. Parametric Feynman integrals revisited. We present quickly a variant of 
the usual derivation of the parametric Feynman integral (as in [15] ) and we show 
that it leads to the construction of a class of algebraic varieties associated to graphs, 
which map naturally to the graph hypersurfaces. These varieties Ar were recently 
considered by Bloch [16] and by Esnault: it is shown in [16] that they are birational 
covers of the usual graph hypersurfaces whenever the latter are irreducible (that 
is, for all graphs not obtained by gluing two disjoint graphs at a vertex) and that, 
unlike the graph hypersurfaces, the Ar are always mixed Tate. 

Recall that the circuit matrix of an oriented graph F with a choice of a basis 





where E„ is the n-simplex, 



(2.4) = {x I x-'Qaix) + m2 0} 



and 



(2.5) 
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with 

(2-6) {Qa{/3))j ^^aeVe.rVejPr, 

e.r 

and with Y^^^^ the hypersurface complement. Then the (unrenormalized) parametric 
Feynman integral U{T) with trivial external momenta and non-zero mass is given 
by the integral 

(2.7) U{T) = J J da,-., da^ 

where uj{x, /3) is the volume form on the fiber in Xy over a point a G 



Proof. In the usual computation of the parametric Feynman integral as given in 
|15) . one starts with a Feynman integral, for a Feynman graph F, of the form 
specified by the Feynman rules, namely 

—— — a Ki---a K„, 

qi(ki) ■ ■■qn(kn) 

where the constraint in the delta function is momentum conservation 

(2.8) ^ ee,vke+ ^ ee',vPe'=0 

at vertices, with assigned external momenta pe' and the quadrics qe{ke) = fcg + m^, 
and with D the spacetime dimension. The matrix eg.t, is the incidence matrix of 
the graph F. 

Then one performs a change of variables, 

£ 

(2.9) fee = Ue + ^ Ve,]Xj, 

where rjej is the circuit matrix of the graph F and £ = &i(F), subject to the 
constraint 

(2.10) ^aeUeVe,3^0, = !,...,£. 

e 

The Uf, are usually taken to be a fixed choice of a solution to the resulting equation 

(2.11) ^ ee,vUe+ ^ ee',vPe', 

which follows from p.Sp because of the orthogonality relation 

(2.12) ^ee,.??ej=0, yv€V{T),yj = !,...,£. 

e 

After applying the Feynman trick and performing this change of variables in the 
internal momenta, the Feynman integral becomes of the form 

+ + da,...da^d x,...d X,. 

There arc no mixed terms in the denominator because of the constraint p.lOp . 
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If one looks at this same setting, with the change of variables ()2.9p and the 
constraint ()2.10|) . but setting the external momenta to zero (while keeping a non- 
zero mass), one finds that the satisfy the momentum conservation 

f-e,vUe = 0, 

that is, they are in the kernel of the incidence matrix. By the orthogonality relation 
(|2.12p . one can then express them in the form 

e 

where the constraint (|2.10l) then becomes of the form 

(2.13) = H Ci,lJe,rVe,j/3r = Qa{P)- 

While for many choices of a this equation only has the solution /3 = 0, which 
would give the usual choice Me = for zero external momenta, it makes sense here to 
consider all possible solutions, namely the locus given by the complete intersection 
variety Ar defined as in (j2.5p . This means that one replaces the usual Feynman 
amplitude with one where one integrates over all these possible solutions. 

This means considering an amplitude of the form ()2.7p . where the n-form ll!{x, (3) 
is the form dPki • ■ • dPkm expressed in terms of the dxj and the d(3j, after the 
change of variables as above, and where, in the denominator, one has aerri^ = 
m^, because of the constraint that the Oe he on the simplex, and Y^^aeul ~ 0, 
because of having set the external momenta pej =0. □ 



2.3. Varieties associated to Feynman integrals in momentum space. The 

variant of the parametric Feynman integral described in Theorem 12.11 above shows 
that there are other interesting algebraic varieties, besides the graph hypersurfaces 
Xy, naturally associated to Feynman graphs. We will focus here especially on the 
first two cases listed below. 

2.3.1. The complete intersection Ar. This is the variety defined by (|2.5p . It was 
recently introduced and studied by Esnault and by Bloch, in relation to Hodge 
structures. It is known, [16j . that Ar is always mixed Tate. Moreover, by writing 
the Kirchhoff polynomial ^'r(a) = det((3a), it is shown in [16] that the variety 
Ar C Xt X P^iC")"!, with a projection Ar — > Xy that is a birational map, when 
Xy is irreducible (when F is not a union of two disjoint graphs glued together at a 
vertex) . 

2.3.2. The hyperplane arrangement. The construction of the variety Ar is closely 
related to a hyperplane arrangement ^r associated to the graph F, given by the 
collection of hyperplancs 



(2.14) = {/3 |r?e,,/3, = 0}, 

in the rational vector space Q''i(^) = H^{T,Q). 
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2.3.3. The hypersurfaces Ya.m- These are the varieties defined by p.4p . The pres- 
ence of the non-trivial mass parameter m ^ means that one can think of the Ya^m 
as deformations of the varieties defined by the equation x'^Qa{x) = 0. 

2.4. Varieties associated to Feynman integrals in configuration space. 

Another interesting algebro-geometric setting for perturbative quantum field the- 
ory arises when one considers Feynman integral calculations in configuration space 
rather than momentum space. We refer the reader to the two recent papers pT| . 
[22] for a detailed discussion of this setting and for the main results. We simply 
recall here what are the algebraic varieties that arise in this context. 

One starts with a smooth projective variety X, which is usually assumed to be 
X = P^, with D the spacetime dimension, but that can be taken more general. 
Given a Feynman graph F, inside the product X'^^^^^ with ViT) the set of vertices 
of F, one considers the diagonals Ae = {xs(e) ^ ^t(e) ~ 0} and one defines the graph 
configuration space to be 

(2.15) Confr(X) = X*^^'^'> \ UeA^. 

This variety has a wonderful compactification Confr(X), in the sense of [51] and 
|32| . [55] . whose geometric and motivic properties were studied in detail in |21) . 
It is obtained from X'^^^^') by an iterated sequence of blowups along diagonals. 
This gives a completely explicit description of the motive, [35], [S]. The varieties 
Confr(X) include the Fulton-MacPherson compactifications, as the case of the 
complete graph. 

3. Constraints from Euler characteristic and Grothendieck class 

In this section, we start with a very naive point of view on Fi-gcometry, based 
on the original intuition based on the existence of a good limiting behavior (|1.2p 
for the counting of the number of points over finite field, when one lets g — > 1. 

By taking this simple point of view, one can derive necessary (but generally 
far from sufficient) conditions for the existence of an Fi-structure. The simplest 
such necessary condition can be expressed in terms of constraints on the Euler 
characteristic. 

We begin by recalling some general facts about the Grothendieck ring of vari- 
eties and the Euler characteristic. Then we discuss some specific cases of graph 
hypersurfaces Xr (or their hypersurface complements Yp), and of varieties Ar and 
Ar, associated to Feynman graphs. 

3.1. The Grothendieck ring of varieties. We will consider here the case where 
R is either Z or Q of C or F,. We denote by Vr the category of quasi-projective 
varieties defined over R and by Ko{Vr) the Grothendieck ring of varieties. The lat- 
ter is constructed by first considering the abelian group of Z-linear combinations of 
isomorphism classes [X] of varieties X £ Vb. and then moding out by the subgroup 
generated by all elements of the form [X] — [Y] — [X\Y], where 1^ C A is a closed 
subvariety of X. This is known as the scissor -congruence or inclusion-exclusion 
relations. Moreover, Ko{Vr) is made into a ring by defining the product of two 
classes [X] and [Y] to be the class of the product of X and Y over Spec(i?), that 
is [A][F] = [A X F], and then extending it by linearity. The classes [A] in the 
Grothendieck ring are also referred to as "virtual motives" . The Lefschetz motive 
is the class L = [A-^] and one refers to the subring Z[L] C Ko{Vr) as the subring of 
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virtual Tate motives. Thus, we say that a variety X is a virtual Tate motive if its 
class [X] = P{^) for a polynomial P with Z coefheients, that is, if [X] G Z[L]. 

3.2. Additive invariants and the Euler characteristic. The importance of 
the Grothendieck ring becomes apparent when studying the properties of "additive 
invariants" of algebraic varieties, the prototype example of which is the Euler char- 
acteristic. An additive invariant is a map x ■ ^-R ^ S, with S a commutative ring, 
with the following properties: 

(1) Isomorphism invariance: x(A) = x{Y) for all X = Y. 

(2) Inclusion-exclusion: x(A) ~ x(F) + x{-^ \ whenever y C A is a closed 
subvariety. 

(3) Muhiplicative: xi^ xY)= x{X)x{Y). 

Examples of additive invariants are the topological Euler characteristic when 
i? = Q or C, the Deligne-Hodge polynomial when i? = C, or the counting of points 
over finite fields when i? = Z or F,. 

Note that the standard terminology "additive" refers to the behavior with re- 
spect to inclusion-exclusion, but in fact these invariants are also required to be 
multiplicative with respect to products, so that they are compatible with the ring 
structure and not just with the group structure in the Grothendieck ring. 

The Grothendieck ring is in fact universal with respect to additive invariants. 
That is, for any additive invariant x '■ ^-R ~^ there exists a unique ring homo- 
morphism x* ■ Kq{Vr) — >■ S such that the following diagram commutes: 

Vr ^ Ao(Vfl) 




where tt is the map X H> [A]. Thus, one can think of the Grothendieck class [A] 
as a "universal Euler characteristic" for the variety A. 



3.3. Euler characteristic and Fi-points. The following observation links the 
Euler characteristic to a necessary condition for the existence of an Fi-structure 
over a variety defined over Z (see [53], |42|). 

Proposition 3.1. Let X ^ Vz be a variety over Z such that [A] G Ko{Vz) is a 
virtual Tate motive. Then 

(3.1) x(^q) = limA,(A), 

q^l 

where Aq is a model over Q of X . Thus, a necessary condition for the existence of 
an Vi-structure over X is that x(A{Q)) > 0. 

Proof. The assumption that [A] G Kq{Vz) is a virtual Tate motive means that there 
exists a polynomial P{t) G Z[t] such that [A] — P(L). This implies that, for all 
but finitely many primes, the counting function satisfies Nq{X) = P{q), since the 
counting is an additive invariant with Ng{A^) = Ng(L,) = q. On the other hand, the 
Grothendieck ring Ko{Vz) maps to the Grothendieck ring Ko{Vq) with L mapping 
to L, so that we still have [A] = P(L). The Euler characteristic satisfies x(lL) = 1 
and is a ring homomorphism x : ^'^o(Vq) — Z, so that we obtain xi^) = ^(l)^ 
which is the limit of the values P{q) as g — > 1. Since the limit of Nq{X) as g — > 1 is 
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interpreted as the counting of points over Fi, a necessary condition for the existence 
of an Fi-structure is that this counting is non-negative. □ 

Regardless of the particular flavor of Fi-geometry one chooses to work with [35], 
the existence of an Fi -structure on a variety defined over Z implies that the motive 
of the variety X is mixed Tate. In the following we will restrict our attention to the 
formulation of Fi-structures in terms of torifications given in |34| and we will show 
how that implies that [X] G KaiVz) is a virtual Tate motive, with a condition on 
the coefficients (see Lemma |3 . 71 below) . which implies the necessary condition that 
x(Xq) > as above. 

3.4. Euler characteristic of graph hypersurfaces. It is often convenient to 
switch between the projective hypersurfaces Xr C P""^ and their affine cones 
Xr C A", namely the affine hypersurfaces Xr defined by the vanishing of the same 
polynomial in affine space A". 

Lemma 3.2. The class [Xr] is a virtual Tate motive if and only if the class [Xr] 
is a polynomial in L divisible by (L — 1). 

Proof. It is easy to check (see [8]) that the classes in the Grothendieck ring are 
related by the simple relation, 

(3.2) M = %^- 

The statement then follows immediately. □ 

We say that an edge e in the graph F is a bridge if the removal of e disconnects 
r (in particular F is not a IPI graph) and we say that e is a looping egde if the two 
endpoints of e coincide with the same vertex of F. 

It was shown in [10] (see also [43] for a formulation in terms of counting functions) 
that the classes of the affine graph hypersurface complements satisfy a deletion- 
contraction relation of the following form: 
(3.3) 

[A" \ Xr] = L • [A"-i \ Xr^e] = L • [A"-i \ Xr/e], e bridge 

[A" \ Xr] = (L - l)[A"-i \ Xr^e] = (L - l)[A"-i \ Xr/e] e looping edge 

[A" \ Xr] = L • [A"-i \ (Xr-^e n Xr/e)] - [A"~^ \ ^r-.e], otherwise 



Proposition 3.3. // F is not a forest and has at least one bridge or one looping 
edge, then xi^r) ~ n. 

Proof. If e is a bridge in F, and F is not a forest, then (as observed in [8] and 
[3]) the hypersurface complement P"-^ ^ Xr^e is a Gm-bundle over the product 
(P"i-i \ Xr,) X (P"2-i \ XrJ, where F \ e = Fi n F2 with n, = 4t^E{Ti) for 
i = 1, 2. Thus, [ypxe] = (L — l)[^i] [^r2]: since in the Grothendieck ring the class 
of the Gm-bundle is equal to the class of the product of base and fiber. Moreover, 
from the deletion-contraction relation p.3p for the bridge case and the formula p.2p 
relating the classes of the affine and projective hypersurfaces we obtain 



[Xr] - UXr^e] + 1, 
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from which we obtain 

n— 1 n— 1 n—2 

k=a k=o k=a 

Thus, wc have [Yr] = L(L — l)[yri] [^r2]j which imphes, from the fact that the 
Eulcr characteristic is a ring homomorphism and that x(L) = 1, that x(^r) = 0, 
hence x(^r) = xlP""^) = n. 

If e is a looping edge in the graph, then we can rewrite the deletion-contraction 
formula p.3p in the equivalent form 

(3.4) [Xr]=L"-i + (L-l)[Xr/e], 

just by writing out the above as L" - [Xr] = L" - L""i - L[Xr/e] + [^r/e]- Using 
then the relation (|3.2p between the classes of the affine and projective hypersurfaces, 
we can rewrite this as 

H — 1 

(3.5) [Xr] = (L-l)[Xr/e] + l+ ■ 

We then use the fact that the Euler characteristic is a ring homomorphism and 

that (L"-i - 1)/(L - 1) = 1 + L H h L""^ so that wc obtain x(Xr) = (x(L) - 

l)x(Xr/e) + l+Efe;o Since x(]L) = 1, we obtain x(Xr) = l + {n-l) = n. □ 

This explains the frequent occurrence of the value x(Xv) = among sufficienly 
small graphs, as many have either bridges or looping edges. It also shows that all 
these graphs satisfy the necessary condition of Proposition 13 . II on the positivity of 
the Euler characteristic. For graphs that have no bridges and no looping edges, as 
observed in |10| , the deletion-contraction relation only provides a constraint on the 
Euler characteristic of the form 

(3.6) x(^r) = n + x{Xr/e n Xr^,) - x(^r.e), 

if the graph has 62(r) > 2, and x(^r) = n — 1 when 6i(r) = 1. The latter is 
the hyperplane case, which is an example giving an occurrence of the value -f 1 for 
X(^r). 

For example, the Euler characteristic was computed explicitly in [8] in the case 
of the banana graphs (graphs with two vertices and n parallel edges between them) , 
where one has, for n > 3, 

x(XrJ=7i + (-l)", 
and, by dSS]), one finds x(^r„/enXr„^e) = n+(-l)"-n-|-n-l + (-l)"-^ = 

Remark 3.4. The banana graphs r„ with n even and n > 3 give examples where 
x{Yr^) = —1. Thus, in this case, while it is known from [5] that Yr„ = P"~^ \ Xr„ 
is a virtual Tate motive, it violates the Euler characteristic condition of Proposition 
13.11 for the existence of an Fi-structure. The hypersurface Xr„ instead is a virtual 
Tate motive that satisfies the condition of Proposition 13.11 

In all the cases listed above (see Proposition l3.3p where xi-^r) = the projective 
hypersurface complement Yr = P""^ \ Xr satisfies x(^r) = 0. In such cases, 
assuming that the varieties are virtual Tate motives, the "number of points over 
Fi" is given by the limit 



(3.7) iVi(yr) = lim 



q^i {q - ly 
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where [Yr] = Pyp(L) G A'o(Vz), for PYr{t) G and rr is the order of vanishing 
of Pvr (q) when q ^ 1. 

Corollary 3.5. If T is not a forest and it has either a bridge or a looping edge, 
then the order of vanishing rr in p.7p is equal to r-p = l + s-p where s-p is as follows. 

(1) If e is a bridge, then (L — 1)'*'" is the maximal power o/L — 1 that divides 
the product [YrJ [Yr2]^ with F \ e = Fi 11 F2. 

(2) If e is a looping edge, then then (L — 1)'"" is the maximal power 0/ L — 1 
that divides [ir/e]- 

Proof. (1) If e is a bridge, then we use, as in Proposition 13.31 the fact that [Yr] = 
L[lr^e] = L(L — l)[yri] \Yt2\i which gives the result for rr- (2) Similarly, if e is a 
looping edge, then we have the expression (|3.5[) for the class [Xp] as in Proposition 
E31 which gives [Xv] = (L - l)[Xr/e] + 1 + EiCo L''. We then get 

)i-i 

[yr] = E - [^r] = L"-' - 1 - (L - l)[Xr/e] 

fc=0 

n-2 

= (L - 1)(^L'= - [Xp/,]) = (L - l)[yp/,]. 

So we again obtain the value of 7'r as stated. □ 

The very simple instances considered here above all lead to values of xO^t) that 
are 0, +1 or —1. In fact, this is conjectured to be the always the case. 

Conjecture 3.1. (Aluffi) The graph hypersurface complements Yp always have 
Euler characteristic x(^r) which is either or 1 or —1. 

This conjecture was so far confirmed by computer calculations on a significant 
number of sufficiently small graphs [44], and for some other classes of graphs, using 
techniques from [S]. If this conjecture holds, then the Euler characteristics of the 
graph hypersurfaces Xp themselves would always be non-negative, so this simple 
necessary condition would always be satisfied. 

3.5. Constraints from the Grothendieck class. We now look at the existence 
of Fi-structures on Z- varieties from a more sophisticated point of view, which is the 
one developed in the work of Javier Lopez Peha and Oliver Lorscheid [34], based 
on the existence of affine torifications. We show that this imposes a very simple 
necessary condition on the form of the class in the Grothendieck ring, which we 
then discuss in some cases of varieties of Feynman graphs. 

Definition 3.6. (Lopez Pciia and Lorscheid [H]) A torified scheme is a scheme 
X together with a disjoint union of tori T — ILjGm and a morphism of schemes 
ex : r — > X, such that the restriction ex\^dj to each torus is an embedding and 

the morphism induces bijections ex{k) : T{k) — > Xik), for every field k. 

Lemma 3.7. Let X be a smooth quasi- projective variety defined over Z, which 
admits a torification ex ■ T X as above. Then the class [X] in the Grothendieck 
ring can be written as a polynomial [X] ~ X]fc>o class T = [Gm] = 
L — 1, with non-negative integer coefficients ak > 0. 
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Proof. The torification condition imphes that the counting function satisfies 
]^x{q) = J2j ^^"^3 (9)- The Tate conjecture predicts that the numbers Nx{q) de- 
termine the motive of X, hence its class in the Grothcndicck ring, which should 
therefore be of the form [X] = J^j [<Gf,l] = J2j ^''^ ■ ^ 

Thus, the form of the class in the Grothendieck ring gives a second necessary 
condition for the existence of an Fi-structure, more refined than the condition on 
the Euler characteristic. Notice that, if the class of X in the Grothendieck ring has 
an expression of the form [X] = J^k '^k'^'^, then the Euler characteristic = ao, 

since all the positive dimensional tori have trivial Euler characteristic. 

3.6. The case of graph hypersurfaces. We show in some examples the condition 
of Lemma l3.7l for graph hypersurfaces. As the first example, we consider the banana 
graphs, for which the class [Xy] in the Grothendieck ring was computed explicitly 
ini. 

Lemma 3.8. Let r„ be the banana graph with two vertices and n parallel edges 
between them. The class [^r„] satisfies the condition of Lemma \3.7\ while the class 
of the complement [Yp^] ~ [P"^-'^ \ ^r„] does not. 

Proof. The class in the Grothendieck ring is a function of T of the form (Theorem 
3.10 of ID): 

(3.8) [Xr ] ^ il±D—l - Tl_Sz}r _ „T"-. 

While it appears at first that this expression may contain negative coefficients of 
some powers of T, one can check that in fact it does satisfy the necessary condition 
of Lemma 13.71 For example, for n = 15, we find 

[Xr,,] = 14 + 106 T + 454 + 1366 + 3002 + 5006 + 6434 T*^ 

+ 6436 + 5004 6T** + 3004 T9 + 1364 Tio^- 456 T" + 104 Ti2+Ti'\ 

In fact, as already observed in [8], we can write the first term in p.8|) as 



k=l 



pk-l 



while the second term is of the form 

(3.10) -( ^1 ^ ^ +nT"-^} = -(T"-i + (n-l)T"-2+T"-3_T"-* + - ■ - + ±1) 



Notice then that the coefficients of p.9p are always greater than or equal than the 
coefficients of the corresponding powers of T being subtracted in p.lOp , since the 
coefficient of T*" in (|3.9p greater than or equal to one, in all cases, and to n — 1 in 
the case of T"~^. The class of the hypersurface complement, on the other hand, is 
given by (Corollary 3.13 of [5]) 

[YrJ = T"-^ + {n- 1)^-^ + T"-^ - T""'* + ■ • ■ + ±1, 

which has some negative coefficients. □ 

The deletion-contraction relation for classes in the Grothendieck ring of graph 
hypersurface complements, proved in |10j and recalled here above in p.3|) . has as 
consequence certain recursion relations for the Grothendieck classes for graphs that 
are obtained from one another by iterating certain simple operations, such as edge 
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splitting or edge doubling. These recursions were derived in [10] and can be used to 
obtain examples of graphs for which the class [Yp] of the affine graph hypersurface 
complement satisfies the condition of Lcmma l3.7l For example, Proposition 5.11 of 
|10j shows that the lemon wedge graph A,„ with m sections gives 

(3.11) [^A„J = (Tr + i)"+^5I ■ JT'""^'. 



Question 3.9. Do graph hypersurfaces Xr, Xy (or hypersurface complements Yr, 
Yr ) that satisfy the condition of Lemma \3. 7\ admit a torification ? Do they admit 
an affine torification? Are there natural conditions on the graphs, or interesting 
families of graphs for which this is the case ? 



3.7. The complete intersection Ap. We now discuss briefly the varieties Ar 
associated to Feynman graphs. One knows [16] that, unlike the graph hypersurfaces, 
these are mixed Tate for all graphs F. One can then ask whether the necessary 
conditions for the existence of Fi-structures coming from the Euler characteristic 
and the Grothendieck class arc satisfied in this case. 

It is shown in [16] that the varieties Ar have a stratification defined by sets 

linear subspaces, which is defined as the locus of {/3 G p''i(r)-i | g^^) > where 
e(/3) is the codimension of the span of the rje^. with '}2i''le,iPi 7^ in Q^^^^^. The 
restriction ArL(m) is a projective bundle over S'l™^ with fiber f>^^-bi(T)+m-i ^ Thus, 

Op 

the class in the Grothendieck ring decomposes as 

[Ar]-5^[4"^][P"-''^(^'+'"-i]. 

Thus, to show that Ap satisfies the two necessary conditions, it suffices to know 
that [S'p"*''] = Pr,m(T), for a polynomial Pr,m with non-negative coefficients, which 
also implies that x(S'p™'') > for each stratum. 

Question 3.10. Do the complete intersections Ar admit an affine torification? 

There are explicit cases discussed in [TB], such as the wheel with three spokes 
graph, where the variety Ar is a projective bundle over a projective space. This 
suggests that, at least for certain classes of graphs, the question above may be 
checked directly. 



4. Graph configuration spaces and Fi-geometry 

We now consider the varieties associated to Feynman integrals in configuration 
spaces, as in [21] and [22]. We see that, unlike the case of the varieties of Feynman 
graphs in momentum space, we can say a lot more about Fi-structures in the 
configuration space setting. 
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4.1. Euler characteristic and Grothendieck class. We recall the following 
notation from [21], see also [32], [33]. We assume that F is a finite graph without 
looping edges (edges whose endpoints coincide). 

Recall from |33j that a Qr -nest is a collection {71, . . . ,7^} of biconncctcd induced 
subgraphs (induced meaning that the subgraph has all the same edged between the 
given subset of vertices as the original graph), with the property that any two 
subgraphs 7 and 7' in the set either have 707' = 0, or 707' = {v}, a single 
vertex, or 7 C 7' or 7' C 7. As in [33] we use the notation Afv := {(M7)A^Ger ■ 
1 < < ''7 ~ 1, /i^ S with = r-^^}4 := dim(n^'gA/':7'C7^7') ~ dimA-, and 
ll^ll := X^A^eSr ^'f' denote by r/i5j\/(r) the quotient r//(7i U • • ■ U 7,.), 

where M = {71, . . . , 7, } is the CJ-nest and the quotient double bar r//7 means the 
graph obtained from F by shrinking each connected component of the subgraph 7 
to a (different) vertex. 

The class in the Grothendieck ring of the wonderful compactifications Confr(X) 
was computed in |21| : it is explicitly of the form 

(4.1) [C3IIfr(X)] = + ^ lII^II. 

The necessary conditions for the existence of torifications, in terms of Euler 
characteristic and Grothendieck class, can be checked easily as follows. 

Lemma 4.1. Suppose that the smooth projective variety X is defined over Z and 
admits an ajfine torification, which gives it the structure of an Vi-variety in the 
sense o/[34]. Then the wonderful compactifications Confr(X) satisfy the necessary 
conditions for the existence of an¥i-structure, x(Confr(^)) > and [Confr(^)] = 
X]fe>o a/cT'" with ak >0- 

Proof. Both conditions follow immediately from the formula (|4.ip . In fact, we see 
that 

(4.2) x(C^r(X)) = x(X)#^(^)+ Yl x(^)#^("/'^^"»#MAr, 

using x(L) = 1 and the fact that x is a ring homomorphism from the Grothendieck 
ring of varieties to Z. The assumption on X implies that x(X) > 0, hence (|4.2p 
also gives a non-negative number. For the second condition, the assumption on X 
implies that [X] = X]j>o ^i'^"'' "^ith a-U the coefhcients bj > 0. Moreover, all powers 
L" can be written as a polynomial in T with non-negative coefficients, using the 
simple identity 

k=0 ^ ^ 

It then follows that the second condition is also satisfied. □ 



4.2. AfRne torifications. According to the approach to Fi-geometry developed 
in [34], the existence of a torification is not in itself sufficient for the existence 
of an Fi-structure on a variety defined over Z. However, is the torification is in 
addition affine then one obtains from it an ¥1- gadget and an Fi-variety, [34j . The 
Fi-structure can in turn depend on the choice of the torification. 
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Definition 4.2. (Lopez Peiia and Lorscheid [34]) The afRne condition on a torifi- 
cation ex ■ T ^ X consists of the requirement that there exists an ajjine covering 
{Ua} of X that is compatible with the torification, in the sense that, for each affine 
open set Ua in the covering, there is a subcollection of tori Ta in the torification T 
of X , such that the restriction cxIt^ '■ —^l^a is also a torification. 

4.3. Affine torifications and toric bundles. As a preliminary step towards 
discussing blowups of Fi-varieties, we show that torifications extend to equivariant 
projective bundles over toric varieties. 

A vector bundle £ over a smooth projective toric variety X is said to be equi- 
variant (or toric) if the torus action on X lifts to an action on £ that is linear on 
the fibers. The bundle £ is said to have an equivariant structure. A result of |31| 
shows that £ is equivariant if an only if the bundles ^*£ arc all isomorphic to 5, 
for all elements 7 in the torus T . For further characterizations and results on toric 
bundles see [53] and [2] . Vector bundles that are sums of line bundles admit an 
equivariant structure, and so do tangent and cotangent bundle. 

Lemma 4.3. Let X he a smooth projective toric variety and let £ he an equivariant 
vector bundle on X . Then the projective bundle ¥{£) admits an affine torification. 

Proof. The equivariant structure on £ induces a torus action on the projectivized 
bundle V{£), so that the projection map tt : V{£) — A is equivariant. Thus, 
although T{£) is in general not itself a toric variety, the decomposition of V{£) into 
orbits of the torus action gives a torification of f'{£). To sec that one in fact has 
an afhne torification, notice that the variety X itself has an affine open covering 
{Ua} compatible with the torification, by Proposition 1.13 of [34], where the open 
sets Uc are the ones associated to the cones a. The vector bundle £ is determined, 
as an equivariant bundle, by its restrictions £\u„ and by the equivariant gluings 
over the intersections Uai C\Uaj . Moreover, as observed in [52], the restrictions £\u„ 
decompose as sums of line bundles 

£\u„ ^Ci®---®Cr. 

In the case of a sum of line bundles, one knows that the projectivization V[£\u„) is 
in fact a toric variety, and this implies that the torification is affine. The equivariant 
gluing guarantees the compatibility of the torifications over the intersections Ua^ H 
Ucj so that one obtains an afhne torification for P(5). □ 

4.4. Fi-structures and blowups. We now consider conditions under which one 
can perform blowups of Fi-varieties. 

Lemma 4.4. Let X be a torified smooth projective variety with an affine torification 
ex : Tx A. Let Y d X be a smooth suhvariety which is toric, with an affine 
torification cxIty ■ Ty — Y that consists of a subcollection of tori Ty in the 
torification Tx and which are orbits of the torus action on Y . Assume moreover 
that the normal bundle Nx{Y) has an equivariant structure. Then the blowup 
Bly(A) of X along Y has an affine torification. 

Proof. The exceptional divisor E of the blowup can be identified with the pro- 
jectivization '¥{NxiX))- Thus, by Lemma [4.31 this admits an affine torification. 
Moreover, the compatibility between the affine torification of the toric variety Y 
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and the affine torification of the (possibly non-toric) ambient variety X imply that 
the affine torification obtained in this way on E is compatible with the affine tori- 
fication of X, so that one obtains an affine torification of Bly (X). □ 

4.5. Wonderful compactifications and Fi-structures. We now consider the 
wonderful compactifications Confr(X), in the case where X = P^, used in pT| . 
[22j to compute Feynman integrals in configuration space. 

We recall briefly the blowup construction of Confr(X), see [H] and [35], [53]. Let 
Qk,r Q Gr be the subcollection of biconnected induced subgraphs with #T^(7) = k. 
Let Yq = X*^''") and let Yk be the blowup of Yfe_i along the (iterated) dominant 
transform of 6 Qn-k+i,r- If L is itself biconnected, then Yi is the blowup 
of Fo along the deepest diagonal Ar, otherwise Yi ~ Yq. (Similarly, we have 
Yk = Yk-1 whenever there are no biconnected induced subgraphs with exactly 
n — fc + 1 vertices.) The resulting sequence of blowups 

(4.3) r„_i ^...^ya ^ Yi 

where n = ^V{T), does not depend on the order in which the blowups are per- 
formed, for 7 G ^?ri-fe+i,r, for a fixed k. The variety Y„-i obtained in this way is 
the wonderful compactification Confr(X). 

Lemma 4.5. Let X be a toric variety and let A^ = neg£;(^)Ae be the diagonal of 
a biconnected induced subgraph 7 C F m X'^'^^^^ . Then Aj is toric and there is an 
affine torification of X"^^^^^ that induces a compatible affine torification on A^ . 

Proof. The product of toric varieties is toric, hence X'^^''"' is a toric variety. Since 
the graph 7 is connected, we have (Lemma 1 of [21]) A-y X'^^'^^/^\ so this is 
also a toric variety, and we can decompose ^ ^#v(r/7) ^ with 

compatible affine torifications. □ 

We then have the following result. 

Theorem 4.6. Let X = P^. Then, for all Feynman graphs F the configuration 
spaces Confr(^) admit an affine torification, hence they admit a structure o/Fi- 
variety. 

Proof. Recall that (Definition 2.7 of [33]) for a blowup tt : Bl2-(y) — Y of a smooth 
subvariety Z C Y of a smooth projective variety Y, the dominant transform of an 
irreducible subvariety F of Y is the proper transform of V , if V is not contained 
in Z, and the scheme-theoretic inverse image ■k~^{V) ii V C Z. Let Yk be the 
fc-th step of the iterated blowup construction (|4.3|) of Confr(X) and let A^'^ be the 
dominant transform of the diagonal A^ of a subgraph 7 e Gn-k+i,r- We show that, 
at each step, there is an affine torification on Y^. that induces a compatible affine 
torification on the A^/"^ C Y^. To see this, we need to check that, at each stage of the 
blowup construction, one can repeatedly apply Lemma 14.31 and Lemma 14.41 Thus, 
we need to ensure that, at each step, the projectivized normal bundles of the blowup 
loci have an equivariant structure. An explicit description of these projectivized 
normal bundles was given in §2.5 of |21] . in terms of screen configurations, as in §1 
of [37]. Namely, one has the following setting. Let T^; ~ Tx(X), the tangent space 
of X at X. The screen configuration space of a subgraph 7 at x is ¥{T'^''^'' /T^)- 
Notice that the projectivized bundle P(T^'-'''-'/T) admits an equivariant structure. 
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as it is built out of copies of the tangent bundle T = T{X), which is an equivariant 
vector bundle. The blow up loci in the iterative construction of Coidr{X) are 
the dominant transforms of the diagonals in Gn-k+i,r and at each stage the 
exceptional divisor is identified with the projectivized normal bundle 

P(A/'(A^ C nyeAA:7'C7Ay)), 

where A/" is a Cy-nest containing 7 (see Proposition 3 of [H]), or with P{Af{A~^ C 
if {7' e TV : 7' C 7} = 0. One also has an identification (Theorem 1 of 

m) 

F{^^{A^ C nyeAA:7'C7Ay)) ~P(r(X^(I^//(TiU-UT'-»)/T(X^(I^/T))), 

where Af = {71, . . . , 7^} and the latter can in turn be identified with 

y(X^('"//('^iU-U'^'-)))/T(X^('"/'^' ~ 'jV(7//(7lU---U7r)) /J^ 

hence by the previous observation it carries an equivariant structure. One concludes 
using Lemma B751 and Lemma ll^ that at each stage of the construction, the blowups 
then have an affine torification. One can then prove the statement inductively. 
At the first step Yq = X*^<^^^ and one has a compatible affine torification on 
the deepest diagonal Ar by Lemma H31 (We can assume T itself is biconnected 
for simplicity.) Then the general argument here above shows that the dominant 
transforms in Yi = BIap (^'^^'•^•') of the diagonals A-^, with 7 € Gn-i,r has an 
affine torification compatible with the affine torification obtained on the blowup 
Yi. Similarly, if we assume that the result holds for all the Yr with r < k — 1, 
we can apply the general argument described above to obtain compatible regular 
affine torifications on the blowup Yfc and on the dominant transforms of the A^, 
with 7 S Qn-k+i,r- We can then conclude that the wonderful compactifications 
Confr(X) are Fi-varieties in the sense of [34]. □ 

The result can be extended similarly to cases where X is a smooth projective 
toric variety, though the case oi X = is the one that is physically significant for 
quantum field theory in configuration spaces. 

4.6. Fi-geometry and the moduli space of curves. We have discussed in the 
previous section the existence of affine torifications on the wonderful compactifica- 
tions Confr(X) of the graph configuration spaces. It is well known that, when F is 
the complete graph r„, this is just the Fulton-MacPherson space X[n]. Moreover, 
it is known that the moduli space A^o,n+i can be realized as a subscheme of X[n] 
for X any smooth curve, [23]. Thus, it is natural to ask the question of whether the 
method discussed in the previous section can be adapted to show that the moduli 
spaces A^o,n are defined over Fi. 

There are various constructions of A^o,n- The one that appears most directly 
useful from our point of view is the one described in |23j , as part of a larger fam- 
ily of varieties T^^m which arc compactifications of the configuration spaces of n 
distinct points in A'' up to translation and homothety, with the boundary strata 
parameterizing 71-pointed stable rooted trees of d-dimensional projective spaces, so 
that ri,„ = Mo,n- 

Theorem 4.7. The moduli spaces A4o,n o-nd the varieties Td.n of |23j . for d > 2 
and n > 2, are defined over Fi in the sense of [34], that is, they have an affine 
torification. 
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Proof. We follow the steps in the iterated blowup construction of [23] and we show 
that we can apply to them the same results of ||4] above. The varieties Td,n defined 
in [23], with Ti^„ = M.n,n are obtained as an iterated sequence of blowups (Theorem 
3.3.1 of [23]) 

(4-4) Td,n+1 = F^^n ■ ■■ ^ ^'d,,! = 7d,„, 

where — > is a projective bundle morphism, and the other morphisms 

■^d^n ~^ -^d n blowups along a union of subvarictics isomorphic to products 
Td,n-i X Td^i+i- Thus, Td^n+1 is obtained as a sequence of blowups from a projective 
bundle over Td^n- By Proposition 3.4.1 of [23] we also know that Ti^a ~ P^, while 
for d > 1 we have Td,2 — Since Aio,n is of dimension n — 3, we are interested 

in the cases with n > 3, and we can take A^o,4 = 2^i,3 — as the starting point for 
the construction. Similarly, we use Td,2 — P^^^ as the starting point for the case 
of d > 1. To obtain the result, we again need to check that at each stage of the 
iterated blowup construction the normal bundles have an equivariant structure. To 
this purpose we can use the fact that the construction of the spaces „ can be done 
inside strata of the compactification of the Fulton-MacPherson configuration spaces 
[57] . In fact, it is shown in §3 of [53] that, for a smooth variety X of dimension d 
(which we can take to be P*^ for convenience), the spaces Td^n are realized as the 
fibers of the projection map 

X[n] = COTfr„ (X) Ar„ ~ X, 

over the boundary stratum Dr„ of X [n] that corresponds to the diagonal Ar„ . 
Therefores, as explained in §3 of |23| . the normal bundles can again be described 
in terms of screen configurations, so we can apply the same argument of Theorem 
14.61 to show that the normal bundles have an equivariant structure so that we can 
apply Lemma 14.31 and Lemma 14.41 to obtain affine torifications on the Td^n arid in 
particular on M.o,n- D 



5. HYPERPLANE arrangements and Fi-GEOMETRY 

Wc discuss in this section a question about Fi-geomctry, which is aimed at iden- 
tifying other natural and sufficiently interesting classes of varieties that can, under 
suitable conditions, carry Fi-structures. We identify the hyperplane arrangements 
as a sufficiently broad class of varieties (in the specific sense described in i i5.ll be- 
low), for which the question of the existence of an Fi-structure (in the sense of an 
affine torification as in [34]) is related to well known invariants. 

5.1. Hyperplane arrangements and mixed Tate motives. One reason why it 
is especially interesting, from the point of view of Fi-geometry, to identify necessary 
and sufficient conditions for hyperplane arrangements to admit an Fi-structure is 
that these varieties are very general from the point of view of mixed Tate motives. 

In fact, one knows that in all fiavor of Fi-geometry, the existence of an Fi- 
structure implies that the motive of the variety is mixed Tate. One can therefore 
formulate the question of characterizing which mixed Tate motives over Z admit 
an Fi-structurc. 

This first requires a good characterization of mixed Tate motives in terms of ap- 
propriate "generators". There are several conjectures to that extent (see [20]), but 
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we focus here especially on the one proposed by Beilinson-Goncharov-Schechtman- 
Varchenko in [12], which predicts that, in the number field case, all the extensions 
Ext"'^(Q(0), Q(n)) in the category of mixed Tate motives are realized in terms of 
hyperplane arrangements in general position. This was further elaborated, more 
recently, by Madhav Nori [52], who showed that the construction described in [T^] 
of a graded Hopf algebra of hyperplane arrangements indeed determines a category 
of mixed Tate motives. 

More precisely, one can formulate the conjecture in the following way ([12], |20j). 

Conjecture 5.1. (Beilinson-Goncharov-Schechtman- Varchenko) For a number 
field k, given a choice of hyperplanes Li, Mi, i = 0, . . . , n m P" in general po- 
sition, defined over k, one obtains a mixed Tate motive 

(5.1) m(P" \M,L\ (LnM)) 

whose realizations give the middle dimensional relative cohomology 

\ A/,i \ (LnM)). 

Then the subcategory C of the category AiT(k) of mixed Tate motives over k gen- 
erated by the motives of the form (jS.ip is in fact all of MT{k). 

Assuming this conjecture, one can then try to characterize which mixed Tate 
motives over Z descend to Fi, by identifying conditions under which hyperplane 
arragements defined over Z carry an Fi-structure. Notice that, while the conjecture 
above is formulated for motives over a number field, as explained in §6 of [28], the 
abelian category of mixed Tate motives over the ring of integers in a number field 
can be obtained by considering a sub-Hopf-algebra of the Hopf algebra that defines 
the abelian category of mixed Tate motives over the number field. 



5.2. Necessary conditions for Fi-structures. The necessary condition based 
on the Grothendieck class (which obviously implies the one based on the Euler 
characteristic) admits a nice interpretation in the case of hyperplane arrangements. 

We first recall some standard terminology in hyperplane arrangements, [4], [40j . 
Given a hyperplane arrangement A = {Hj}^^^ of N hyperplanes in P", the central 

arrangement A = {Hj}jLi is the associated arrangement of hyperplanes in affine 
space A"+^ through the origin. The characteristic polynomial Xj^{t) of the central 
arrangement is defined as 

(5.2) XAit)= E 

where C{A) is the poset of the Cij^jHj, with J C {1, . . . ,N}, ordered by reverse 
inclusion, and fi{x) is the Mobius function of C{A). 

Lemma 5.1. Let A ~ {Hj}jL^ be a hyperplane arrangement with A = UjLiHj. 
Then the Grothendieck class satisfies [A] ~ X]fc>o '^k'^'^ , with Ok > 0, if and only if 
the Mobius function ^{x) of C{A) satisfies, for all k > 1 



(5.3) E ^(^) 

x: dim{x)>k 



f dim(a:;)^ ^ fn-\-l 



V k - \ k 
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Proof. This is a direct consequence of Theorem 1.1 of 0], according to which the 
class in the Grothendieck ring of the arrangement complement satisfies 



[P" \ A] = 



L - 1 



X^(L) _ (l + T)"+i-l-x^(T + l) 



This means that 

Thus, the condition that [A] = J2k>o '^k'^'^, with ak > can be formulated as the 
stated condition, using the fact that 

dim(a:) , , 

xec{A) xeciA) '■=0 

so that the above can be written equivalently as 



fe=l \ ^ ^ a;:dim(a;)>fc ^ 



f dim(a;) 
k 



T 



from which (15.31) follows. □ 



Notice that the positivity condition described here for the coefficients Uk of the 
class [A] = J2k>o ^k^'' the same as the condition given in Proposition 6.1 of fjj for 
the positivity of the coefficients of the Chern-Schwartz-MacPherson class csm{A). 
In fact, the term x = in the sum on the left-hand-side of (|5.3p has fi{0) = 1, 
hence it cancels the term on the right-hand-side of (|5.3p . so that the same condi- 
tion can be expressed as the condition that all the coefficients of the polynomial 
— -|- l)dim(a:) ^^.^ non-ucgativc, which is the one given in Proposition 

6.1 of [4] for the CSM class. There is an a priori reason for this coincidence, namely 
the result of Proposition 2.2 of |8l, which shows that, for all subvarieties of projec- 
tive spaces that are obtained as unions, intersections, complements, differences of 
linearly embedded subspaces, the CSM class can be obtained from the class in the 
Grothendieck ring by formally replacing each power T'' with the class in the Chow 
group of a linear subspace P''. We return to discuss the relevance of CSM classes 
to questions about Fi-geometry in Sj6] below. 

Question 5.2. Is there a combinatorial condition on hyperplane arrangements that 
is sufficient for the existence of an affine torification on the arrangement or on its 
complement? 

Coming back to the examples motivated by varieties arising in perturbative 
quantum field theory, one can formulate the following more specific question. 

Question 5.3. Do the hyperplane arrangements At associated to Feynman graphs 
admit an affine torification? Are there natural conditions on the graphs, or inter- 
esting families of graphs for which this is the case ? 

Notice that, in general, one has examples of hyperplane arrangements that do 
not satisfy the necessary condition on the Euler characteristic (Example 6.4 of [4]), 
so in the case of the arrangements associated to Feynman graphs one seeks 
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conditions on the graph that might relate to the existence of a torification of the 
arrangement. 

5.3. Arrangements, wonderful compactifications, and torifications. Given 
a hyperplane arrangement A, besides the varieties A and P" \ A, there is another 
class of varieties that are interesting to consider, which are the wonderful com- 
pactifications, in the sense of of the complement P" \ A. Wc will denote 
them here by Con/_^(P"), by analogy to the notation used above for the graph 
configuration spaces. Notice that the spaces Con/p(X) describe above do not cor- 
respond to hyperplane arrangements, because the linear spaces Ag are complete 
intersections = {xs(e) = Xt(e)} = ^k^i{xs{e),k = x^^^^k}, hence they are of 
codimension D in X'^^^^\ However, an argument similar to the one used in ij4.5l 
to obtain torifications of ConfY-{X) can be developed for the wonderful compacti- 
fications Con/^(P") of |2l], for hyperplane arrangements, leading to conditions on 
the existence of Fi-structures on these varieties. 

6. Algebro-geometric Feynman rules and embedded Fi-structures 

In [9], a polynomial invariant of the graph hypcrsurfaces A" \ Xy is defined 
using the Chern-Schwartz-MacPherson characteristic classes of singular varieties. 
The polynomial Cr{T) satisfies the "algebro-geometric Feynman rule" property of 
being multiplicative over disjoint union of graphs, Criur2(^) = C'r^ (r)Cr2 (7"). 
Moreover, it contains the Euler characteristic of the projective graph hypersurface 
complement x{^"~^ \ ^r) as the coefficient of the degree one term. Thus, it 
can be thought of as a generalization of this Euler characteristic that satisfies the 
multiplicative property, which fails for x(P"~^ \ -'^r) itself. 

We recall here some basic properties of characteristic classes of singular varieties 
and the definition of the invariant Cr (T) . We then give an interpretation of Cr (T) 
in terms of Euler characteristic using a result of Aluffi [B], and we explain its 
relevance to the Fi-gcometry point of view. 

6.1. Chern classes of singular varieties. We recall here briefiy a few facts about 
characteristic classes of singular varieties that we need to use in the following. For 
a detailed introduction to the subject, we refer the reader to [1]. 

Let y be a variety over K. For any closed subvariety S we define Is to be 
the function from V to Z that is 1 on 5* and on y \ 5*. Let C : Vjg — > be 
the functor from K- varieties and proper maps to abelian groups where C{V) is the 
abelian group of Z-linear combinations '^msls over S closed subvarieties. These 
are called constructible functions. For /:!/—> W, C{f){ls) is defined by 

Cif)iis)ip) = xir\p)ns), 

and extending by linearity. 

Grothendieck and Deligne conjectured the existence of a map c* from C{V) to the 
homology of V satisfying the following properties for any constructible functions a 
and /3 on V and any f : V ^ W: 

(1) c4C(/)(a)) = /,CH.(a) 

(2) c*(a-h/3) = c,(a) +c4^) 

(3) c*(ly) = c{V) n [V], when V is smooth. 
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where c{V) denotes the usual Chern class of V and c{V) fl [V] is the image of c{V) 
in homology under Poincare duality. Any such c*, if it exists, is unique. Schwartz 
and MacPherson independently constructed such a c*. showing existence. (In fact, 
the classes defined by M.H. Schwartz were introduced prior to the functorial formu- 
lation, and later proved to satisfy the properties above by Brasselet and Schwartz.) 
One defines csm{V) for any (not necessarily smooth) V to be c*(l\/), see [1] [37] . 

6.2. The CSM Feynman rule. We recall here the definition and properties of 
the invariant Cr (T) constructed in [9] . 

Given a locally closed subset X of P^, one can write the CSM class in the Chow 
group ^*(P^) as 

(6.1) c4lj,)^ao[P°] + ---aMK]. 
One then introduces an associated polynomial of the form 

(6.2) Gx{T):=ao + aiT+--- + aNT'^, 

obtained by formally replacing the class [P*"'] in j4*(P^) with the variable T*"'. This 
polynomial can be equivalently written as Gj^{T) = ^k>o'^kT^, where the coeffi- 
cient Cfc is the degree of the A:-dimensional piece of the CSM class oi X. In particular 
G^(0) = x{X). In the case where X = , we have Gf,N{T) = (T + 1)^. 
One then defines the polynomial Cr{T) as the difference 

(6.3) Cr(T) = GA.(T)-G^^(T), 

for n = ^E{T). This is a monic polynomial of degree n. Here the affine graph 
hypersurface Xr C A", which is the affine cone over the projective Xr C P"^i is 
seen as embedded in P". It is proved in [9] that if F = Fi U r2 is a disjoint union 
of graphs, then the polynomial behaves multiplicativcly, 

(6.4) Cr{T) = CrdT)CrAT), 

and it contains the Euler characteristic of the projective hypersurface complement 
as a coefficient, 

(6.5) CHO) = x(F"-KXr). 

The multiplicative property (j6.4p means that G : H — )• Z[r] is a ring homomorphism 
from the Hopf algebra of graphs to the ring of polynomial. This is the minimal 
algebraic requirement needed for a "Feynman rule" , in the setting of Hopf algebra- 
based renormalization, see [9]. For a more detailed discussion of this multiplicative 
property, see also [5]. 

6.3. Chern classes and Euler characteristics. Let X C P^ be an embedded 
subvariety and set 

(6.6) Xk:=x{Xr\Hir\---r\Hk), 

where x is the topological Euler characteristic and Hi , . . . , Hk are general hyper- 
planes in P^. One also defines 

(6.7) Xx{T)^Y.XkT\ 

k>0 

The value at zero is the usual topological Euler characteristic, Xxi^) ~ xi-^)- 
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It was proved by Aluffi [6] that the polynomial Gj^ (T) defined in (|6.2p above ean 
be expressed in terms of the polynomial x x (^) '^^ (|6.7p , and conversely, according 
to the formulae 

, X , s T Gy(T -I) -Gi,(0) , , T Xv(T+ 1) + Xy(0) 

(6.8)x;f(r) = ^H^Zl ^ G^[T) = ^^^^^^^^^^^^. 

This result means that the Chern-Schwartz-MacPherson class can be computed 
completely in terms of Euler characteristics. Notice, however, that the Euler char- 
acteristics Xfc = x(-^ n n ■ • • n depend not only on the variety X itself, 
but on the way in which it is embedded into P^. This corresponds to the fact, 
already discussed at length in [9], that the CSM class does not factor through the 
Grothendieck ring of varieties but through a refinement, a Grothendieck ring of 
immersed conical varieties. 

The relations (|6.5p and (|6.8p also give 



(6.9) x(^r)=Xxr(l)-Xxr(0) = E»(^r). 



fc>i 



In fact, we have 



n(r + i)^ 



cf(r) = G;„(r)-G^^(r) = 

iXx,{T + 1) + rx;^^(T + l))(r + 1) - Txs,,{T + 1) - xx,(0) 



(r + i)2 

so that, using ([61]), we get Cf (0) =n - (Xxr(l) " Xxp(O)) = n- x{Xv). 

6.4. Embedded Fi-structures. The observation above leads us to consider a 
different, relative, notion of Fi-structure, which takes into account not only the 
variety itself but regards it as an embedded subvariety. 

We propose the following definition of an embedded Fi-structure. 

Definition 6.1. Let X C be an embedded subvariety, defined over Z, which 
has the structure of an ¥i-variety (it admits an affine torification). Then X has 
an embedded Fi -structure if, in addition, the varieties X fl Hi fl ■ • • fl H^. , where 
Hi , . . . , -fffc are general hyperplanes, are also ¥i -varieties, that is, they also admit 
affine torifications. 

While we focus here on torifications, the notion of embedded Fi-structure is in 
general stronger than the property that X is an Fi-variety, regardless of which of 
the currently available notions of Fi-geometry one decides to adopt. 

Remark 6.2. In general, one should not expect that, if X C P^ is an Fi-variety, 
then a hyperplane section XnH would also be. For example, an elliptic curve (which 
is not a Tate motive, hence not an Fi-variety) can be realized as a hyperplane section 
of a F^ embedded in F^. However, it makes sense to look for examples of varieties 
satisfying this property among those that are obtained by unions, intersections and 
complements of linear subspaces, such as hyperplane arrangements. 

The simple necessary condition on the Euler characteristic for the existence of an 
Fi-structure translates immediately into a condition expressible in terms of Chern 
classes for the existence of an embedded Fi -structure. 
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Lemma 6.3. If X <Z P has an embedded ¥i -structure, then all the coefficients of 
the polynomial (T + l)G^(T) are non-negative. 

Proof. The first requirement for an embedded Fi structure is that the variety X 
is an Fi-variety. This imphes that X is polynomially countable and with non- 
negative Euler characteristic, as we discussed in the previous sections. Thus, one 
obtains the necessary condition Gj^(O) > 0. Moreover, the requirement that the 
hyperplane sections X D Hi D ■ ■ ■ D Hk are also Fi-varieties implies that the Euler 
characteristics Xfc = xi^^Hi n • • • niJfc) should also be non- negative, and by (|6.8|) 
this implies that all the other coefficients of the polynomial (T + 1) G-^{T) should 
also be non-negative. □ 

We then obtain the following condition for the graph hypersurfaces, based on 
the a positivity condition for the CSM classes. 

Corollary 6.4. A necessary condition for the graph hypersurface complement A" \ 
Xy to have the structure of an embedded Fi -variety is the positivity of all the coef- 
ficients of the polynomial {T -\- \) Cr(T). 

Proof. This follows immediately from Lemma 16.31 bv noticing that 
Cv{T) = Gj,.{T) - G^JT) = Ga„^^,(T). 

□ 

If the coefficients of the polynomial G ^ (T) are themselves non- negative, then so 
are those of (T -I- 1) G^{T). Thus, effectivity of the CSM classes implies that the 
necessary condition of Lemma 16.31 is satisfied. 

The question of the positivity of the coefficients of the CSM class of graph 
hypersurfaces was first raised in [8] , where it is conjectured that this condition may 
always be satisfied. However, Alufh has recently shown that there are examples 
of graph hypersurfaces, for sufficiently large graphs, where the positivity condition 
may fail, [7]. Thus, the necessary condition for the existence of embedded Fi- 
structure may not be always satisfied for graph hypersurfaces. 

It is important to stress the fact that the condition of Lemma 16. 3l is certainly not 
sufficient, even when combined with the other necessary condition that the varieties 
X n i?i n • • • n Hk are polynomially countable (Tate motives). For example, it is 
known from the results of [H], [30], [44], that the CSM classes of many Schubert 
varieties satisfy the positivity condition of Lemma 16. 3| but Schubert varieties are 
not necessarily Fi-varieties: for example, in the torified-schemes formulation of 
Fi-geometry developed in |34j . Grassmannians and Schubert varieties are torified 
varieties but not necessarily endowed with an affine torification, see the discussion 
in Example 1.15 of [34]. We will return to discuss the role of torifications in |7l 

6.5. A q-deformed CSM class. Let X C P^, defined over Z, be a polynomi- 
ally countable subvariety with the property that its hyperplane sections are also 
polynomially countable. This condition allows for the definition of a q-deformed 
CSM-class, whose limit as q 1 gives back the invariant Gj^{T). 
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Definition 6.5. Let X C P^, defined over Z, be such that X n Hi n ■ ■ ■ n Hk 
is polynomially countable, for general hyperplanes Hj . Then the q-deformed CSM 
class is given by 



(6.10) G^iq,T):= 



TN^iq,T) + N^jq) 



where the polynomial N^{q,T) is defined as 

(6-11) N^il,T) = E^™^...^i^.(9)T^ 

fc>0 

with -^xnffin-'-nfffc polynomial interpolating the number of points overWq of 

the mod p reduction of X O Hi n ■ ■ ■ D H^, and Nj^{q) = Nj^{q, 0) = ffXp{¥q), with 
Xp the mod p reduction of X . 

While the counting of points over finite fields is defined for q ~ p^ a, prime 
power, the polynomially countable hypothesis implies that all the ^xnijin - ni/fc (9) 
are polynomials, defined for any real or complex value of q. Thus, it makes sense 
to take a limit when — > 1. By construction, this limit of G-^{q,T) gives back the 
usual CSM class, in the form of the polynomial G-^{T). 

7. Regular torifications and Chern classes 

In [2] an explicit way is obtained to compute a generalization of the CSM class 
csm{X) for any variety X , which reduces to the usual CSM class when X is com- 
plete. This is called the pro-Chern class, and is also denoted by csm- It can be 
constructed in terms of a notion of good closure and a pro-Chow functor. Namely, 
let U he & smooth variety with closure U such that [/ is a good closure, that is 
smooth with U \ U a, normal crossings divisor. Let {U} = c{fl^{U \ C/)^) n [U] 
where c denotes the usual Chcrn class of a bundle and ^jj{U \ U) are the differ- 
entials with logarithmic poles on U \ U. Then csm{U) = {U}. Let X be any 
variety and suppose Ix = J2''^u'^u where U are smooth, locally closed subvari- 
eties and mu are integers. Then the class csm{X) is expressed as a finite sum 
csm{X) = J2''^u'iu*{U}, where iu '■ U ^ X is the inclusion of U into X and 
more generally csM{a) = rnuiu*{U}, whenever a = Y^ mulu is a constructible 
function on X. Theorem 3.3 of [5] shows that this is independent of compatible 
good closures. That is, if U is the closure oi U in X with inclusion i and u' is a 
good closure of U with inclusion j, such that there exists a morphism t: : U U 
with J = TT o i, then both these closures give the same class {U} up to passing to 
the pro-Chow homology of X. 

7.1. Chern class for toric varieties and positivity. An interesting application, 
given in [2], of this construction of CSM classes is a new simple derivation of the 
Ehlers formula for the Chern classes of toric varieties, which in particular shows 
that positivity holds, since the Chern class reduces to a sum of fundamental classes 
of closures of torus orbits. 

More precisely, it is proved in Theorem 4.2 of [5] that the pro-CSM class of a 
toric variety X can be written as 

(7.1) csm{X)= c{n},{iogDr)n[0]= J2 [O]. 

OGX/T oex/T 



26 



DORI BEJLERI AND MATILDE MARCOLLI 



where O ranges over the orbits of the action of the torus T on X, with [O] the 
fundamental class of the orbit closure in the pro-Chow homology of X, and where 
D = O \ O. The second equality depends on the well known fact (H^, p. 87) that 
fl^(logD) is trivial in this case. 

7.2. Regular torifications. In general, one does not expect that a similar result 
would hold for torified varieties. In fact, in a torification in general there is no torus 
action, unlike in the case of the toric varieties, and the natural torus action one 
has on each of the tori Ti of the torification in X docs not in general extend to the 
closure Ti ixi X. 

However, there is a better behaved class of torifications, which were considered 
in §6.2 of [34] as a possible way to eliminate the ambiguity, due to the choice of 
torification, that can lead to different Fi-structures on the same Z-manifold. These 
are the regular torifications. 

Definition 7.1. (Lopez Pena and Lorscheid [33]) A torification ex ■ T = Ui^jTi — !> 
X is regular if, for all tori Ti C T, there exists a set Ji Q I such that the closure 
Ti in X is a union of tori in the same torification, Ti = Wj^j^Tj. 

It is not known, at present, whether all varieties admitting a torification (or an 
affine torification) necessarily admit a regular one, though this is the case in all the 
explicit examples studied so far. 

Thus, it is interesting to ask whether the argument of Theorem 4.2 of [5] for the 
computation of CSM classes would extend to the case of regular torifications. Notice 
that, because all the flag varieties admit a regular torification, this would then 
automatically prove the conjectured positivity of the CSM classes for such varieties. 
The question is therefore whether, given a regular torification ex '■ T ^ X , the pro- 
Chern class 

csAiix) = J2 cin^T^^ogD^y) n [T,] 

can be written as 

CsAliX) = [T^]■ 

This would be the case if we knew that 17^ (log D^) is trivial. 
However, this will in general not be the case. 

Lemma 7.2. Let e : T = ^ X be an embedding of a torus in a smooth 
projective variety X such that D ~ T \ T is a simple normal crossings divisor, but 
T is not an equivariant compactification of a semi-abelian variety. Then r2^(logD) 
is non-trivial. 

Proof. There is a characterization ([45], [46]) of varieties with trivial logarithmic 
tangent bundle. In particular, by Corollary 1 of |45j . if X is a non-singular complete 
algebraic complex variety and D d X a simple normal crossings divisor, then the 
condition that the logarithmic tangent bundle i^x{logDY is trivial is equivalent 
to the existence of a semi-abelian variety A that acts on X with X \ D an open 
orbit. □ 

Therefore, one can construct examples where the argument of Theorem 4.2 of 
[2] does not directly extend to regular torifications, by producing an example of a 
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regular torification ex '■ T ^ X , where some of the tori Tj satisfy the condition of 
Lemma 17.21 

However, there are cases where one may stiU be able to use a regular torification 
to obtain useful information on the CSM classes. For instance, consider the case 
of flag varieties. It is known (see §§1.3.5 and 6.2 of [34]) that these admit a unique 
isomorphism class of regular torifications, coming from Schubert cell decomposition 
(these are in general not affine torifications, though). In [11] an explicit construction 
of the Chern classes of Schubert varieties is given in terms of the decomposition in 
Schubert cells, and a computation of the CSM classes of Schubert cells in terms 
of certain uniquely determined integer coefficients (which are conjectured to be 
always non- negative) . In view of the considerations above, one can ask the following 
question. 

Question 7.3. Is there a description of the coefficients 'ya,/3 in the computation 
of the CSM classes of Schubert varieties in [llj in terms of counting of tori in a 
(unique) regular torification? Can such an approach be used to prove positivity? 
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